This work theoretically investigates wide-spectrum and high-resolution diffraction optical elements (DOE) that are made of stacks of low-resolution binary phase gratings, whereby the two-dimensional grids in different grating layers are arranged with specified displacements. We remodel the common Kinoform algorithm for this multi-scale architecture. Numerical computations show that, by increasing the number of stacking layers, the resolution of diffraction fields can be improved and that the stability of optical elements within broad spectrums is significantly enhanced. Practical concern on largely increasing the number of grating layers are efficiency of the optical designs in theory and the manufacture of stacks of ultra-thin grating films.
Introduction
Modern day technology automation and advanced processing equipments for polymeric and composite materials have facilitated the production of more disciplinary and highly-creative products. The emergence of advanced coextrusion processing techniques especially allows for the fabrication of films composed of hundreds or thousands of multilayers with individual layer thicknesses down to a few tens of nanometers [1] . Using the unique characteristics of multilayered films has recently brought for diverse capabilities and new breakthroughs in material properties and multi-functional unitization. Examples include breathable films [2] , optical gradient structures [3] , shape memory polymers [4] , micro-and nano-fibers [5] , multilayer composites with brick-wall type microstructures [6] , dual brightness enhancement film (DBEF) [7] , etc. This present work mainly explores multilayer architectures for optical holography.
Through computer generated holography (CGH) [9] , the field of optical holography has been used in many commercial applications, e.g. optical interconnection and diffraction optical elements (DOE) [10] . Kinoform [8] is one kind of phase hologram that manages wave fronts of an incident light by phase encoding, and can be operated with high diffraction efficiency. Many theoretical works also have reported on Kinoform optics under various approaches, e.g. simulated annealing method [11] [12] [13] and direct binary search method [14] .
In this study, we apply multilayer architectures to study wide-spectrum and high-resolution Kinoforms, in case improving the physical characteristics of optical elements is not an easyimplemented option. Similar to superresolution imaging [15] , the high-resolution diffraction optical element (Kinoform) is realized by displacement stacks of low-resolution binary phase gratings (see Fig. 1 ). Moreover, the displacement stack correlates the high-resolution wavefront profile of devices with low-resolution binary grids, and makes the definitions of phase φ + 2nπ (n=0,1,2...) distinguishable and deterministic during optimization processes. All these features are proved to significantly enhance the stability of performance of current Kinoform architectures on large variations of incident wavelengths.
To carry out numerical calculations, we remodel the common Kinoform algorithm [11] for the studied multi-scale architecture. Relevant codes by Matlab and Fortran-MEX can be downloaded online [16] . It is emphasized that, for optical elements with sub-wavelength resolutions, dominant interference effects should be considered in the optimization algorithms. Popular methods include the scalar diffraction model and effective medium model [17] . The present work only follows regular conditions for Kinoform. Another vector diffraction algorithm for phase holograms is preparing, which shall be reported for sub-wavelength optical devices in a future work.
Geometric arrangements and algorithms
The optical elements presented herein are displacement stacks of optical layers with planar shifts at sub-grid accuracy. The optical layer is the binary phase grating that consists of two kinds of grids with optical path lengths: (i) φ ≡ n 1 (t − d) + n 2 d and (ii) φ + λ∆Φ/2π (see Fig.  1 ). Here, t is the thickness of the optical layer, λ is the wavelength of the incident light, and ∆Φ = 2π(n 1 − n 2 )d/λ defines the modulation phase of the binary grating. Figure 1(a) shows the stack of 2 binary grating layers with half-grid displacements from the side perspective, while Fig. 1(b) displays a double-resolution grid pattern from the top perspective. In this work, we adopt the arrangements of displacement stacks as Fig. 2 , in order to extend to cases with arbitrarily high resolutions. Figure 2 shows the arrangements for original, double, and triple resolutions of diffraction images, corresponding to 1 2 , 2 2 , and 3 2 shift positions, respectively. Despite the enhancement of the resolution, we note that the reconstruction of images operates on optimizing low-resolution grids in all binary gratings. This implies that the high-resolution wave-front profile of devices is not operated independently as in conventional models, but correlates with the low-resolution grids of binary gratings. To treat the optimization of this multi-scale architecture, we remodel the common Kinoform algorithm [11] here. We denote the intensity profiles of the diffraction images by I(x, y) on coordinate (x,y), and the phase profiles of k th -binary grating by θ k (u k , v k ) on coordinate (u k , v k ). The highresolution profile of the wave front of the optical element now is given by
where the common factor φ has been omitted in Eq. (2), since the global phase shift will not change physical observations. The reconstructed diffraction images are
is the inverse Fourier transform of g(u, v). Following the iterative Fourier transform [11] processes, one can obtain optimized phase profiles θ {k} for all binary layers. To score the optimization algorithm, an error function [11] is defined as the mean-square error between target image I 0 and reconstructed image I:
Numerical simulations
We first carry out digital simulations to investigate the performance of the present optical elements. The target diffraction image with 510×510-pixels is depicted in the upper-left plot of Fig. 3 . Binary phase gratings used in this work are set to have 170×170-pixels (grids). The modulation phase ∆Φ of binary gratings is set to be π in the single-binary-layer case and π/2 in multilayer cases. In the case for using single binary layer, the target image's resolution is reduced to that of the binary layer by simulating responses of sensors using the majority decision method. Numerical computations for the single binary layer shows a result similar to that by the conventional method, featuring image symmetry with respect to the origin (see the upper-right plot of Fig. 3 ). This origin symmetry is intrinsic for single binary phase grating. Equation (5) below gives an analytical inference.
Here, the condition for single binary phase grating,
for the derivation of the last-line formula. From Eq. (5), one knows that the diffraction intensity I(x, y) is always the same with I(−x, −y) for the single-binary-layer case, obeying origin symmetry. For the double-resolution design, we adopt the arrangement in Fig. 2(b) to stack four binary layers. The resolution of the target image is correspondingly treated by simulating sensor responses. The computed diffraction image is depicted in the bottomleft plot of Fig. 3 , which inherits properties of four-level phase gratings and shows outlines closed to the target plot. For the triple-resolution condition, we adopt the arrangement in Fig. 2 (c) to stack nine binary gratings. The computed diffraction image, in the bottom-right plot of Fig. 3 , presents almost the same details with the target image. It is concluded that the multilayer architecture can improve the resolution of diffraction images by optimizing low-resolution grid profiles in all displaced binary gratings.
To investigate the performance of the optical element within broad spectrums, we study the deviations of diffraction images from the target one at different incident wavelengths. Here, the diffraction deviation is quantified by the error function in Eq. (3). The variable of incidence wavelengths λ is associated with the modulation phase ∆Φ by the equation ∆Φ ≡ 2π∆nd/λ, with ∆n = n 1 − n 2 . We analyze four kinds of optical elements: (i) conventional single 4-level(0,0.5π,π,1.5π) grating layer with 340×340 pixels; (ii) stacking four binary gratings (170×170 pixels/each), using the double-resolution scheme of Fig. 2(b) ; (iii) stacking eight binary gratings, two layers per position in the double-resolution scheme; and (iv) stacking twelve binary gratings, three layers per position in the double-resolution scheme.
The resolution of the target image is scaled as 340×340 pixels to coincide with that of the four optical elements. It is noted that optical elements (i) and (ii) have maximal modulation phase 2π as in conventional designs [11] . Optical elements (iii) and (iv), however, have maximal modulation phase 4π and 6π, respectively. In contrast with conventional applications [11] , the definitions of phase φ+2nπ (n=0,1,2,...) in the studied multilayer architectures are distinguishable and deterministic during optimization processes, since the displacement stack correlates the high-resolution wave-front profile g with the low-resolution binary grids θ {k} as in Eq. (1).
Numerical results about the relation of diffraction deviations and incident wavelengths are shown in Fig. 4 . Here, the conventional 4-level grating [11] gives less diffraction deviation than others at the designed value ∆Φ = π/2 (see point A on the red-solid curve and the corresponding inset image A). As ∆Φ is away from the designed value (> |±5%|), diffractions of the conventional grating significantly deviate from the target profile and feature an image with overwhelming central zero-order intensity (see point B on the red-solid curve and the corresponding inset image B). The 4×binary-layer optical element presents variations of diffraction similar to that of the conventional case near the designed value, since it inherits properties of 4-level phase gratings.
We notice that there are three differences between the conventional grating and the 4×binary-layer grating: (i) the performance of the conventional grating is better than that of the 4×binary-layer grating on the designed condition ∆Φ = π/2; (ii) the decline in performances of the 4×binary-layer grating is less than that from conventional grating as ∆Φ is away from the designed condition; and (iii) deviations in performances of the 4×binary-layer grating are obviously asymmetric in the case that ∆Φ is away from the designed condition in increasing and decreasing directions.
To understand these differences, we calculate histograms of phase levels of wave-front profiles for relevant optical elements in Fig. 5 . The variations of levels of wave-front profiles with respect to increasing and decreasing ∆Φ are shown in Fig. 6 , in which the solid bars in Fig. 6(a-b) redraw the histograms of wave-front profiles for the conventional grating and the 4×binary-layer grating as in Fig. 5(a-b) . The red-dot-dash bars in Fig. 6 represent the underlying/intrinsic modulation level owing to the 2π-periodicity of phase.
We discuss some findings here: (i) As indicated in Fig. 5(b-d) , the optical elements by displacement stacks present Gaussian-type distributions on levels of wave-front profiles, in contrast with the uniform distribution for the conventional one in Fig. 5(a) . This constraint about Gaussian-type distribution results from correlations between high-resolution wave-front pixels and lowresolution binary grids in the 4×binary-layer grating, and reduces the degrees of freedom of the modulation phase during optimization processes. Consequently the performance of the conventional grating is better than that of the 4×binary-layer grating on the optimized condition ∆Φ = π/2.
(ii) In Fig. 6(a) , with increasing or decreasing ∆Φ → ∆Φ ± δ, different phase intervals of wave-front levels do not equidistantly deviate for the conventional grating, especially the fourth interval (∆Φ ± 3δ). The abrupt (fourth) modulation interval significantly disturbs the regularity of constructive and destructive interference as well as the management of wave fronts of the incident light. For the 4×binary-layer grating, since the fifth modulation level (∆Φ = 2π) exists, different modulation intervals can equidistantly deviate with varying ∆Φ (see Fig. 6(b) ). Hence, the performance of the 4×binary-layer grating is better than that of the conventional grating at varying ∆Φ away from the designed condition.
(iii) In Fig. 6(b) , the underlying/intrinsic level (red-dot-dash bar) at ∆Φ = 2π also participates in the phase modulation. This level particularly contributes to asymmetric modulation intervals ∆Φ − 3δ and 4δ on increasing and decreasing ∆Φ, respectively. The asymmetry of these two modulation intervals implies distinct deviations of performances in the 4×binary-layer grating when increasing and decreasing ∆Φ (see the purple-dot-dash curve in Fig.  4 ).
For the optical elements with 8 binary layers and 12 binary layers in Fig. 4 , the performances are much stable under largely varying ∆Φ (±10%, see the inset plot C in Fig. 4 ), or alternatively, within a broad incident spectrum. It is inferred that optical elements with numerous displacement stacking layers decrease the populations of side levels (see Fig. 5(c-d) ) and irregular modulation intervals at varying incident wavelengths. Moreover, spatial interferences among nearby pixels in the wave-front mask will seldom cross large phase intervals, owing to the non-trivial pixel correlations. All these factors benefit stable performances of the present Kinoform architectures on large variations of incident wavelengths.
Conclusion
This work studies multilayer architectures for diffraction optical elements, and presents relevant optimization algorithms. Numerical computations show that high-resolution diffraction images can be realized by devices using displacement stacks of low-resolution binary phase gratings. In additions, with the number of binary layers ℓ up to ℓ ≥ 4π/∆Φ, this element presents a much more stable optical performance on variations (< 20%) of incident wavelengths. 
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